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SHALLOW WATER EQUATIONS & POINCARE WAVES
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Kelvin
K3
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m fundamental in fluid dynamics

m thin fluid layer compared to its
horizontal extension

m Poincaré waves: frictionless and
Coriolis dependent nature

m Subsets of solutions : Rossby waves,
Kelvin waves, Inertia-gravity waves

Figure: Earth view of the
equatorial domain.
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DIFFERENTIAL EQUATION SYSTEM

From first order perturbation we got :

ou — fv=—go.h
O + fu= —goyh (1)
Oth + ap(Opu + Oyv) =0

m equatorial study to simply the coriolis parameter dependence
m Beta plane approximation : f = Sy

m scale dependence of solutions behavior : study of the zonal wave
number
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EQUATORIAL SOLUTIONS

The equatorial study leads at first order to the following
solutions, using slow variable : &, 7

(Y, &,7) = Den(&, 7)e” VDV Hy(y)
1 nHy_ _ 2
WOy, €,7) = (€, 7)) — e a@e=(1/2 2)
NIy _ 2
ROy, &,7) = n(&, )| n+1(z)/)+ H+1(y)] (1/2)y

With H,, the Hermite polynomials and ¢ = —5.=5 +1 the phase
velocity of the n-th mode of propagation. And (£, 7) the
envelope function, defined by KDV equation solving.
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DISPERSION RELATION

The dispersion relation can be expressed by the following :

o = o[k + eV 22n 4+ 1)) + ke (3)

m o is the dimensionless frequency, k the zonal wave number, € is a
constant depending on the system parameter.

m Third order : 3 solutions
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ROSSBY WAVE FREQUENCY STUDY

-4

Shallow water equations

Equatorial Study
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m low mode
weakly
dispersive

m 2 types of
wave

m n = 0 strongly
dispersive
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ROSSBY WAVE SPATIAL STUDY
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FIRST MODE OF ROSSBY WAVE

For the first mode we got c = —1/3 and :

n(€,7) = Asech?|B(€ — 0.395B°7)] (4)
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KELVIN WAVE

Shallow water equations
Equatorial Study

An other type of solution is the Kelvin wave, with n = —1

defined by :
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NUMERICAL IMPLEMENTATION

1 No damping effect
2 Numerical errors

3 soliton is a good way to test the scheme
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INTEGRATION SCHEME

m Chebyshev spectral method
m domain [—24,24] x [—4, 4]
m To be in the scope of Boyd study
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SPATIAL DISCRETIZATION

To be in the following range
[—a,a] x [-5,8]. Here we

will choose oo = 24, 8 = 4 This

gives the following mesh :
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TIME DISCRETIZATION

leap-frog like method

u(t + At) —u(t — At)
2A¢

atu(t) =~

u" Tt = w4 2At — g0, h™ + fo
" ="t 2AE — gOy k" — fu
R = pnt — 2Atag(9,u™ 4 9yv™) =0
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CFL CONDITIONS

CFL conditions is strongly impacted by the spectral mesh
with irregular spacing

n U
= At < Crax-
o &an) =€
<
C=At <AI1> Crmax-
1 1
Ay=1-— COS(N) NN

Hence we have the following condition : Ay < 3ChaxN ™~
determined Chax = 5.532 using many, time and space
discretization
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BOUNDARY CONDITIONS

m Chebyshev spectra methods : cannot use periodic boundary
conditions

m Simple Dirichlet conditions

mh=u=v=0



Introduction

Theoretical background
Numerical implementation
Numerical Results
Conclusion

Integration scheme
Boundary conditions

CONSERVATION OF MASS AND ENERGY

m Mass :
M = Z(ao + hm')A:ciij

2%
m Energy :

=3 Z uf; + v+ ((ao + hij))g)(ao + hij) Az; Ay;

m Conservation of mass and energy for the simulation



Introduction

Theoretical background
Numerical implementation
Numerical Results

Integration scheme
Boundary conditions

Conclusion

ENSTROPHY CONSERVATION

m Enstrophy conservation : strength of potential vorticity
mg= f+(8wzfayu)
2
N
| Q = h7

Q= % Zi,j hz]CIZZJA%AZ/g
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R0OSSBY WAVE

1 Rossby wave simulation Simulation parammeters

a || Bl g || N || At

2 Kelvin wave simulation

1 1] 1] 64] 23

3 unstable wave simulation
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R0OSSBY WAVE

height at t = 30.00s
T
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m westward propagation of the soliton

strongly dispersive instabilities

periodic shedding

m one can show that these instabilities are barotropic modes
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MASS AND ENERGY CONSERVATION
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ENSTROPHY CONSERVATION

m Conservative value
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PHASE SPEED EVALUATION
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Figure: Phase speeds evaluation
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KELVIN WAVE

Following wave satisfying the Kelvin equation

h(z,y,t = 0) = Ho% exp(—((kz)? + (Iy)?))
u(z.y,t = 0) = Hoexp(—((kz)* + (Iy)*)) (7)
v(z,y,t =0)=0
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WAVE

eastward propagation of the wave
faster than Rossby waves
no dispersion

no north-south velocity field
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ENERGY AND MASS CONSERVATION
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ENSTROPHY CONSERVATION

+1.037e3
0.85 . . —
2 = 2.819737e-04 ',"
0.80 L .‘_..,‘ 1
0.75 F ]

. _4
= m quite constant (2e*)
z 0.70 |- R o B
° m 1o oscillations : no

0.65 ot ] . ey
instabilities
0.60 .
0.55 1 ': 1 1 1 1 1 ]
0 2 4 6 8 10

time-[s]



Introduction

Theoretical background Rossby soliton waves
Numerical implementation Kelvin soliton waves
Numerical Results Unstable waves

Conclusion

PHASE VELOCITY & DISPERSION
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Figure: Phase speed and dispersion
evaluation
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UNSTABLE WAVE STUDY

Kelvin like wave shape, with velocity, gravity spreading.

h(z,y,t = 0) = Hoexp(—((0.52)* + (y)?))
u(z.y,t=0)=0 (8)
v(z,y,t=0)=0

Note that as the gravity is the only force applied at the
beginning, the wave should spread equally in every direction,
hence the mass of fluid should be equally distributed
cast-west.
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UNSTABLE WAVE STUDY

height at t = 14.00s
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ENERGY REPARTITION BETWEEN MODE
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MAss AND ENERGY CONSERVATION
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ENSTROPHY CONSERVATION
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PHASE SPEED & DISPERSION

zonal number

time-[s]

nodal number

Figure: Phase speed and dispersion
evaluation of Kelvin Wave

Rossby soliton waves

Kelvin soliton waves
Unstable waves

.. for Kelvin Wave

Xon,

Only the height
of the wave has
changed

Cp = 1.106

no dispersion at
high t (zonal
and nodal wave
number
constant)
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PHASE SPEED & DISPERSION
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CONCLUSION

Chebyshev and 2 order integration scheme

m Analyses on 3 different types of wave
m Study of modes of propagation
m Using mass, energy and enstrophy conservation

Study of dissipation and propagation speed of the wave
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PERSPECTIVE

m Study of sponge layer to avoid influence of boundary

m Study of higher modes, and their repartition in energy
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